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Abstract

This note is a rearrangement of the lecture notes for the Galois theory at South University
of Science and Technology of China, 2012. This supplementary course is taught by Prof. Jie-
Tai Yu. The original scanned version by Camscanner is archived on Nutstore (older account)
and Onedrive (SUSTC).
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1 Introduction

There are four main theorems in the Galois theory.

Theorem 1.1. For any polynomial f € klx] with deg(f) =0, we can uniquely determine Gal(f).
Note. Gal(f) is the symmetric group of roots and it keeps the coefficients of f unchanged.
Theorem 1.2. f(x) =0 is solvable if and only if Gal(f) is solvable.

Theorem 1.3. The Galois group of the general polynomial equation "+ ap_ 12" '+ -+ +a1x +
ap=0 is Gal(f)=S5,.

The coefficients ay, . .., a,—1 are independent symbols.
Theorem 1.4. S,, (n>5) is unsolvable.

Here is the relations for those theorems between algebra equations and Galois groups.



Algebra equations thm1

thm?2
Gal(f)
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Figure 1.1. Relations for main theorems

2 Field extension
F,K,E,L, A are always represent fields.

K
Definition 2.1. (extension) FCK & KDOF < K/F & | .
F

Remark 2.2. K /F implies that K is a F-vector space.

Definition 2.3. (finite extension) dim(K /F):=[K: F], if dim(K /F) is finite, then we call
K /F a finite extension.

Example 2.4. [C:R]=2, and {1,4/—1} is a R-basis of C.

Theorem 2.5. (tower of extensions) If there are two finite extensions, K /E, E/F with
[K: El=m, [E: F|=m respectively, then K /F is also a finite extension such that [K: F|]=mn.

Proof. Consider an E-basis {a;}T of K and a F-basis {f3;}1" of E, then {a;3;}77" is a F-basis
of K, whose dimension is mn. |

Definition 2.6. (algebraic extension) « is algebraic over F, if there exists f(x) € Flx] with
def(f)>1 s.t. f(a)=0. « is called an algebraic element over F.

If Vae K, s.t. « is always algebraic over F, then K | F is called an algebraic extension.
Theorem 2.7. A finite extension is always an algebraic extension.

Proof. Let [K: F]=n, then we have Va € K, {1=a a,a?,...,a"} C K are linear dependent (since
there are n+ 1 elements). Thus there exist b, b1,...,b, € F with at least one nonzero element, s.t.

bol+bia+---+b,a"=0

Define f(z)=bo+bix+ - +byz™ € F[z], then f(a)=0. Hence « is algebraic over F. O



Remark 2.8. The converse result is not true. There are infinite algebraic extensions, for example,
let A be the algebraic closure of @ in C, then [A: Q] =oco. However, « is algebraic over F, if and
only if [Fla]: F] < 0.
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Definition 2.9. (fractional field) F(u) is the smallest field containing F and u, i.e.

(W
Flu)= {g<u>

£(@), 9(a) eF[ng(u)aéo}.

‘ Theorem 2.10. u is algebraic over F if and only if F(u)=F[u] ={f(u)|f(z) € F[z]}. |

Proof. “=" We only need to proof ﬁ (g(u) #£0) can be written as a polynomial of u. Let
p(z) € F[z] be the minimal polynomial of « in F[z], s.t. p(u)=0.

Then p(x) is irreducible over F'. We claim that for any f(x) € Flz] with f(u)=0, we have p(z)| f(z).
Actually, f(z)=q(x)p(z)+r(z) with deg(r(z)) < deg(p(z)), so r(u) =0 thus r(z) =0 (because of
the minimality of p(x).).

So for g(u)#0, p(x)1g(x). By BEZOUT’s identity, there exist a(z),b(z) € F[z] such that a(z)p(z) +

b(z)g(x)=1. Then b(u)g(u) =1 which implies ﬁ =b(u).

“<” Because F(u) = Flu| then 1/u € Flu], thus there exists f(u)=1/u, i.e. uf(u) —1=0. Let
glx)==z f(x) — 1€ F[z], then g(u) =0, i.e. u is algebraic over F. O

Example 2.11. R[i{]=R(i) = 1/i= f(i)=—i, i.e. g(zr)=—x?—1 is the characteristic polynomial

of i. On the other hand, ¢ is algebraic over R. For example, consider g(i) =2i+ 1, ﬁ: 2 ;1 =
1—2i -
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This can be obtained by BEZOUT’s identity as well: the minimal polynomial of i is p(z) =22+ 1.
Then there exists a(z)p(z) +b(z)g(z) = a(z)(x?+1) +b(x) (2 + 1) = 1. We can use the Euclidean

algorithm.
1 5
2 _2
(x*+1) 5 ) 57

I
o
8
+
=
/I_\
8
+
—_

2041

I
7N
\
| ot
]
~_
7N
\
[T
~~_
+
—_

By the penultimate( %5 —4") identity,
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1 = (2z+1) +g<—§x>
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ie. a(x) :%, and b(z) == _523”.

Remark 2.12. The monic and irreducible polynomial which vanishes u for an algebraic extension
F(u)/F is called the minimal polynomial in F[z] of u, and is denoted by MinPolyg(u).

Theorem 2.13. Let u be algebraic over F, then [F(u): F] = deg(MinPolyg(u)).

Proof. For F(u)= F[u], we want to prove that {1,u,...,u" "'} is a F-basis of F[u].
1) Suppose
p(x)=a"+an_ 12" "1+ +ag
is the minimal polynomial of w, then p(u)=0. Thus
u=—(ap_1u" "1+ +ao)

i.e. any f(u) can be represent by the basis.

2) All the elements inside the basis are linear independent, if not then there exists a smaller degree
polynomial vanishes w, which contradicts to the minimality of p(zx).

In summary, we have [F(u): F] = deg(MinPolyg(u)). O
Theorem 2.14. If a, 8 are algebraic over F, so are a = 83, aff and a/ B (3+#0).

Theorem 2.15. Let K /F be a field extension, and E :={a € K|« is algebraic over F'}. Then
K/E/F and E/F is algebraic.

Such F is called algebraic closure of F'in K.

Theorem 2.16. (tower of algebraic extensions) If K /E, E/F are algebraic extensions, then
K/ F is algebraic as well.

Proof. Va € K, let MinPolyg(a) = 2"+ b, 12" "1+ --- + byz + by, thus F(bo,...,b,_1,a)/ F(bo,...,
by, —1) is algebraic (finite). Note that F(by,...,b,—1)/F is algebraic and finite. Thus by Theorem
tower of finite extensions, F(by,...,by,_1,a)/F is finite, hence algebraic. 0

Definition 2.17. (composition) Suppose E, F contained in some larger field, the smallest field
containing F and E is called composition field, which denoted by FE=FEF =F(E)=E(F).

Definition 2.18. (lifting) If we have K /F and E /F, then we called KE /E a lifting of K/ F,
and KE /K a lifting of E/ F.

Theorem 2.19. If K/ F is algebraic, then the lifting KE | E is also algebraic.



Proof. We counsider an arbitrary elements « in K, then « is algebraic over F. Since E/F, we
have « is also algebraic over E (coefficients are in F' must be in E). By Theorem 2.14, for any
B € E, we have af,a+ 3,a/ 3 (for B+#0) is algebraic over E. Hence, we have all elements of KE
is algebraic over F, i.e. KE/FE is algebraic. O

Theorem 2.20. If K/ F is finite, then the lifting KE /E is also finite.

Proof. Assume [K: F|=n, such that K = F(ay,...,a,), thus KE=FEF(ay,...,a,)=E(aq,...,a).
Consider two towers of finite extensions:

Flag,...,an) E(aq,...,an)

F(a) E(an)
| |
F E
Since deg(MiniPolyr(«;)) > deg(MiniPolyg(a;)), thus by induction [KE: E] < [K: F]=n. O

Definition 2.21. (Composition of field extensions) KFE/F is the composition of K /F and
E/F.

KE

Theorem 2.22.
1. If K/F, E/F are finite, then KE/F is finite.

2. If K/F, E/F are algebraic, then KE | F is algebraic.

Proof. K /F is finite(resp. algebraic) = K FE/F is finite (resp. algebraic) because of lifting. E/F
is finite, hence by the tower properties, K F /F is finite (resp. algebraic). a

Definition 2.23. (embedding) An embedding FAL s a field injective homomorphism from F
wnto L.

o id
F—o(F)—L.

Definition 2.24. (7 acts on function) Let g(«) € Fla] and F[a]‘LL. Then

7(9)(@) =7(bn)z" + - - - +7(bo) € T(F)[].

g(x) is irreducible over F' <= 7(g)(z) is irreducible over 7(F').

a is a root of g(x) < B:=71(a) is a root of 7(g)(x).



Definition 2.25. (restriction of embedding) Let K /F be a field extension, K<L is an
embedding, then we call T|p=0 the restriction of embedding from F into L. i.e. Va € F, 7(a)=0(a).

On the contrary, 7 is an extension embedding of o on K.

Note. There is a unique restriction for fixed embedding, while there are several extension for a
certain embedding.

Theorem 2.26. The number of extension T over o for the field extension F(«)/F equals to the
number of distinct roots of o(p)(x) in L, where p(x) is the minimal polynomial of o over F. In
particular, this number is <[F(«a): F].

T F(a)

Proof. Let 3 be a root of o(g)(x) in L,
Vg(a)=bpa™+ -+ +bia+ by, b; € Farenot all zero

we may define 7(g(a)) = (
and extension, since 7(g(a) + h(«)
7(a) =0 ().

Then Flo] 2 F[X]/ (p())

"+ ...+ 0(by) € L. We prove that 7 is a homomorphism
)+7(h(a)), T(g(@)h(a)) =7(g())7(h(a)) and 7 |F=0,

o(F)[X] ~
<a(<p§£w>]> =o(F)[B]. -
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Definition 2.27. (separable element) An algebraic element o over F is called separable over
F iff MinPolyp(a) has no multiple roots in any extension field of F.

Note 2.28. For separable element «, [7: 0] =[F(a): F| = deg(MinPolyg(a)).

If F is characteristic 0, then any algebraic element « is naturally separable.

Theorem 2.29. Let F be a field f(x) € Fz] (deg f>1) has no multiple roots in any extension
field of Fiff ged (f(x), f'(z))=1.

Proof. (sketch) Consider f(z)=(z—a)™g(x). O
Corollary 2.30. If char(F)=0, p(z) € F|x] is irreducible over F, then p(z) has no multiple roots.

Proof. Let deg(p(x))=n, then deg(p’(x)) =n — 1, since p’(x) #0, hence ged (p(x), p'(x))=1. By
Theorem 2.29, there is no multiple roots. O

Theorem 2.31. Let F be a finite field, then every algebraic elements « over F' is separable.

Proof. Let |K:TF,|=n, choose {u1,us,...,u,} as an IF, basis of K. Then any element of K can
be written as

a:blul—l—---—i—bnun,bie]}*‘q



For each b;, we have ¢ choices, then we have ¢” distinct elements. O
Corollary 2.32. Let F be a finite field, char(F)=p, then F =Fpm (m>1).

Consider Fpm(a)/IFpm, and deg(MinPolyr, («)) =n, then Fjmn is a group with p™" — 1 elements.

We then have a?""~1=1= a?"" — a=0 (no multiple roots.)

Theorem 2.33. (separable extension) Let K/F be finite. K /F is called separable if [K: F)
equals the number of distinct 7.

Proposition 2.34. K /F is separable <= Va € K, « is separable over F.

Proof. “<” Consider algebraic extension K = F(ay,a1,...,0a4)/ F(aq,...,an—1)/ -/ F and the
extension of embedding 7 /0y, _1/--- /0.

“=" Suppose on the contrary K /F is separable but Jo € K is in separable over F. Consider the
extension ¢: F'(«) — L of embedding o: F'— L. Then the distinct 7 over 7 is <[K: F(«)] and distinct
& over o is <[F(«): F|. Thus the distinct 7 over ¢ is <[K: F(a)][F(a): F]=[K: F]. O

Note 2.35. The infinite extension of IF, is an example of non-separable extension. In fact, consider
Fy=7/27={0,1}, F =TFs(u?) and K =F>(u). Then Minpolyr(u) = (z — u)?= 2% — u?. But there
is only 1 embedding (identity) over F.

Definition 2.36. (primitive element) Suppose K = F(u), then u is called a primitive element
of K over F.

Lemma 2.37. Suppose K /I, is finite, then Ja € K such that K =F,(a).
Proof. [K:TF,=n, then K =F», hence K — {0} is a cyclic group,

K - {O} = {17 a? a27 trty OéqniQ}’

Thus K =F,(a). O
Theorem 2.38. Let K/F be finite separable extension, then Ja € K, such that K = F(«).

Proof. We only prove F' is infinite case. WLOG, we may assume K = F(3,~). Since K = F(as,...,
ar)=F(as,...,a) (a1, a2) = E(aq, ag).

Figure 2.1. extension of fields and embeddings

Suppose [K: F|=n, #0=n and #& < [F(a): F]. On the other hand,

[F(8,7): F(a)][F(a): F] = [K: F]=n



Since [F(3,7): F(a)] > #0 /7, [F(a): F] < #0. Hence [F(a): F]=#0.

So we define

fz)= H [0i(6 +2v) = 05 (B +27)] = H [(03(8) = 05(8)) + (0i(7) — 75(7))=]

Note that deg(f) < (), f € A[X]. For F is infinite, Ic€ F', s.t. f(c)#0. Then we have

oi(B) # 05(B), 0i(7) # 05(7)
Thus #6 =#o0=n, F(83,7)=F(a). a
Definition 2.39. We call 7 is over F, if the following holds (i.e. fized F)

I

id F——A

Theorem 2.40. Let K/ F be algebraic, o is an embedding from K into K over F, o(K)C K. Then
o(K)=Kie occAut(K/F).

Proof. K /F is algebraic, for each o € K, « is algebraic over F. Let a1, s, ..., a, be all distinct
roots of MinPolyg(«). Since o is injective, o is a permutation of {az,...,a, }. So oy, s.t. o(a;) =«
Therefore, o is surjective. O

For non algebraic extension, we won’t get an automorphism.

Example 2.41. (counter example) Consider K = F(u), ¢(F(u)) = F(u?) € F(u), where u is
non-algebraic over F.

Definition 2.42. (normal extension) K /F is finite. If o(K)=K, i.e. o induce an automor-
phism of K. Then K/ F is called a normal extension.

Example 2.43. (counter example) Consider the extension Q(3/2)/Q, and the embedding to
C, i.e. 0:Q(3/2) — C are extension of id. Then oy =1d, 09:3/2 — 32w, 03:3/2 =322 QR/2)/Q

is not normal.

Definition 2.44. (split field) K = F(aq,...,a,) is called split field of f(z) over F for a; are all
roots of f(x), and denoted by K = Splitp(f).

Theorem 2.45. K /F is normal <= K =Splitp(f) for some f(x) € Flz].

Proof. “<—=" Suppose K is split field K = F(aq,...,a,). f(@)=(x— 1) (z — ay) € Flz]. We
only need to prove o(K)C K and o(o;) = € K.

“—=" K =F(a,...,qa,) is finite. MinPolyr(a;) = pi(z) € Flz]. Let p(x)=[]_, pi(z) € Flz]. K is
split field of p(z). a



3 Galois Extension

Definition 3.1. (embedding set) K /F is finite, define Emb(K /F):={c|o: K — A, Id: F — A,
o /1d}

Note 3.2. We don’t need condition o(K) C K for the definition.

Definition 3.3. (fixed subfield) Let K/ F be finite, @+ S CEmb(K /F). Define
KS={a€K|o(a)=aforallo€ S} D F

KS, KFPobE/F) s o field and is a subfield of K.

Theorem 3.4. Let K/ F be separable. Then KP™P(K/F) —

Proof. We have K% > F, suppose on the contrary K¥™P(K/F) 5 [ Then there exists o € KPP/ F)
but a ¢ F, such that MinPolyr(a) = p(«), deg(p(x)) = 2. Then we have another root [ # a.
Hence there is additional embedding o(a) = 3. ¢ € Emb(K /F). But by the definition of K,
o(a) =, which is a contradiction. O

Example 3.5. (counter example) Fy(u) = K / F = Fy(u?), then Emb(K / F) = {Id}. However,
KEmb(K/F) :K{Id} _ K# F.

Since all embeddings of a normal extension is an automorphism of K, hence we have
Theorem 3.6. If K /F is normal, then Emb(K /F)=Aut(K/F).

Definition 3.7. (Galois extension) A finite extension K /F is called Galois iff K/ F is normal
and separable. In this case, we denote the Galois group

Gal(K | F):= Aut(K / F).

Note 3.8. normal means all embeddings are automorphisms, separable means all embeddings are
distinct.

Lemma 3.9. If we have field extensions K /E/F, K/ F is normal, then K /FE is also normal.
Theorem 3.10. For field extension K /E/F, if K /F is Galois, then K /E is also Galois.

K Cal(K/E) _ gEmb(K/E) _

Theorem 3.11. K /F is Galois, then Gal(K /KT)=H.

K {1d}
|
Jw Gal([|(' /F)



Proof. Suppose H ={0o1,...,0,}. K/F is (finite) separable, 3o € K st. K =F(a)= K (a). Define
f(x)=(x —010)---(x —o,x). Yo € H, we have

o(f)(xz)=(z—oo1x) - (x —00x)

H={oy,...,0,}={001,...,00.}. Tt follows f(x)=0c(f)(x). So the coefficients of f(x) doesn’t
change through o, thus f(x)€ K[z].

On the other hand f(a)=0, ide H,
MinPolyjcr(a)| f(z) = [K: K] = K7 (a): K] < ¢ H
While [K(a): K] = #distinct embedding K over K = #H, hence
[ K= ||

Every embedding of K /K is automorphism and K / K is normal and separable. Then K / K
is Galois, and Gal(K /K#)=H. O

Theorem 3.12. (first fundamental theorem of Galois theory) Let K /F be Galois and
K>FE>F, then K/ E is Galois and KK /E) = B,

For any subgroup of Gal(K /F), H C Gal(K, F). K /K is Galois and Gal(K /KH)= H. Define
A={E|K >E>F}, B={H|H CGal(K/F)}.

p:A—B Yv:B— A
Er p(E)=Gal(K/E) Hw—yH)=K"

Then ¢ and v are bijective, counter-inclusion: F1 < Ea= Gal(K / F1) > Gal(K / E2) and H1 < Ha=
KHi> KH2 Moreover, wo1)=1Idg, 1o @=1Idx.

Note 3.13. ¢, ¥ are map between field and group, not homomorphism.

Lemma 3.14. Let A be any embedding from E into A over F, if K /E is Galois then A(K)/A(E)
is also Galois and

Gal(A(K), \(E)) = AGal(K / E)A~L.

Proof. Suppose o € Gal(K /E) only \oA"Y(A\(K))=Xo(K)=\(K). For any M\(a) € \(E),a € E,
AA (A (@) = Ao (@) = A(a). O

Theorem 3.15. (second fundamental theorem of Galois theory) Let K /F be Galois,
K>E>F, then E/F is Galois if and only if Gal(K/E)<Gal(K/F).

_ Gal(K/F)

In particular, if E/F is Galois, Gal(E/ F) = Gal(R/B)"

10



Proof. “<=" Let A be any embedding from E into A over F'. A can be extended to embedding of
K into A over F. For K /F is Galois, so we have \(K)= K. We only need to prove \(E)=FE.

Gal(K /A(E))=Gal(AM(K)/XE))=AGal(K /E)A~'=Gal(K / E),
The last equality holds because that Gal(K / F) <t Gal(K / F'). Hence,

A(B) = K Gl /NE) = [Gal(k/B) — [

A K —))\(K):K
1o N
id: F —— A

Figure 3.1. Galois normal subgroup embedding field

“=” F/F is Galois. We define ¢o(Gal(K /F))— Gal(E/F) by 0 — ¢(c) =c|g. This is a surjective
group homomorphism, and

kero={oc € Aut(K/F):0|.=idg} =Gal(K / E)
Thus we have Gal(E/F) = Cal(K/F) O

T Gal(K/E)

Example 3.16. Let f(z)=2%—2=(x —%/2)(z —3/2w)(z — /2w?), w :_H_T\/?” Consider K =
Q(a, az, a3) =splitg(x® — 2). Then we have

K= Q(ala 2, 053)

Q(a1) Qlaz) Qaz) Qw)
\&Q/ /

Gal(K / K) = {id}

Gal(K /Q(a1)) Gal(K/Q(az2)) Gal(K/Q(as)) Gal(K/Q(v/=3))

{id,(2,3)} {id,(1,3)} {id,(1,2)} {id,(1,2,3),(1,3,2)}
Gal(K /Q) =

Figure 3.2. Field extensions and group extensions

Note that Only Gal(K/Q(v/—3)) is a normal subgroup. Hence, only Q(w)/Q is Galois.

Example 3.17. If K/E, E/F are Galois, then K /F is not always Galois. Here is an example,

K:Q(,/Hﬁ),E:Q(ﬁ) and F = Q.

11



4 Solvable Groups

Definition 4.1. ¢, = ¢£/F ={0ecAln=1p}=(c):={e=1,¢,62,...}, ¢ is called primitive n-
root of 1.

Definition 4.2. K /F is Galois, then we call K /F is Abelian if Gal(K /F) is abelian, K [ F is
cyclic if Gal(K /F) is cyclic.

Theorem 4.3. Let € be a primitive n-root of 1 in ADF, then F(c)/F is abelian. (Suppose
char(F){n)

Proof. [o(¢)]"=0(c")=0(1)=1, then o(c)=c"" € F(e). a(F(e))=F(g). (2" —1) =na"" 140,
ged (2" —1,nz" 1) =1. So it is Galois and o o7 =T o0 since

Too(e)=71(o(e))=71(e") = (7(g))" =e""* =g oT(e) O

Theorem 4.4. Suppose F contains an n-th primitive root of 1, e € F C A, char(F){n, and o™=
beF, then F(a)/F is cyclic.

am b «

So F(a)/F is normal. Let f(z)=x2"—b, f'(x)=naz""1, ged (f, f') =1 no multiple roots.

Proof. (%)n =2l _ o) :%: 1, and 22 = ¢, =" € F(a). Hence o(a) =¢,, - a € F(a).

Hence, F(«)/ F is separable and then Galois. Suppose o, 7 € Gal(K / F), then
To(a) =7(0(@)) =T(eo0x) = e,7(0) = Eper01.
We make a group homomorphism that

p(Gal(F(a)/F))~Gal(F(a)/F) & ¢,/

o = plo)=¢

Since ¢(10) =¢€5r = @(T)p(0), 0(a) =€, =, it is a homomorphism and injective.
By the theorem, a subgroup of a cyclic group is also cyclic.

O

Definition 4.5. (solvable by radical) Let f(x) € Flx], deg(f) > 1, f(x) is called solvable by
radical over F if Splitp(f):=LCK, K/F is Galois, s.t. F=FyCF,C---CF,,=K with F1=F(g)
Char(F)J(n, Fi+1 :Fi(ai+1), Oé,?_f_l :bi € Fi, n,-|n, Vi= 1, 2, ey, — 1.

In fact, Gal(K /F}) D Gal(K /Fy) D - 2 Gal(K / F,,) = {id}, Gal(Fi41/F}) g% by the

first and second fundamental theorems, we have that their are all abelian groups.
Example 4.6. 2%+ bz?+ c=0 is solvable by radical.

Definition 4.7. (solvable group) A group G is called sovable if
IG=Gy2G1D DG ={e}

such that G;11 <1 G; with G;/G;41 is abelian.

12



Then we have Galp(f)= Gal(Splitp(f))=Gal(L/F)=Gal(K /F)/Gal(K/L). f(x) is solvable by
radical over F'iff Gal(f) is solvable.

Lemma 4.8. Let N <G, then G/ N is abelian iff Ya,be G, aba=b~t€ N.

Proof. Ya,b€ G, aba b 'e N aba v 'N=N<aNbNa ' Nb "' N=N&aNbN =bNaN &
G /N is abelian O

Lemma 4.9. Letn>5, N<H CS,, if H has all 3-cycle then so is N with H /N abelian.

Proof. let i, j,k,r,s are distinct integers between 1 and n (n >5).
o=(ijk)(krs)(ijk) " L(krs)~t=(ijk)(krs)(kji)(srk)

Consider these integers, o(i) =r, o(r) =k, o(k) =i thus o = (irk). N must have o. O

Theorem 4.10. S,,(n>5) is not solvable.

Proof. Suppose on the countrary, S, is solvable. S, =Gy2G12 -2 Gy, ={id} s.t. Gi+1 <G, and
G;/G;41 abelian. G1/Ga, then Go has three cycles, hence G, has three cycles. Contradiction! [

5 More on Galois Theory

Definition 5.1. zy,...,z, are independent variables over a field k. K :=k(x1,...,2,), if Yg(z1,...,
z,) € K, Yo € S, CAut(K). Define o(g)(z1,...,2n) = 9(Zo(1)s-- -, Ton) EK. F=K:={g€
Klo(g)=g,YVaeS,}

Claim. Yo € S,,,0 € Aut(K / K5»), [K: K] > #distinct embeddings = n!
Define f(t):=(t —x1) - (t —xn) =t"+ art" 4 -+ an_1t +an,, a; € K5
Define E:=k(a1,as,...,a,), E CF. And now we prove that E=F', we only need to prove K /E <nl.

In general, we have F;, 1 = E;(x;), and f;(t)= f(t).(t —3= (t—x1)-(t—x;). fi(z;)=0.

(t—zig1) -
[Ei—1: i) <deg(fi;)=1i. Thus [K: E]<n!=[K:E]=[K: F]=nl
Now Claim K /F is Galois and Gal(K / F) =5,

e normal (<n! embeddings but we already have n!)
e separable (<n!)

Thus Galp(f) = Gal(Splitp(f)) =Gal(K /F)=.5,.

Example 5.2. Galg((z —1)(z —2)---(z —5)) = {id}, Galg(z® —2) = S5, Galg(z® — 52 — 1) = Ss.

Question 1. (inverse Galois problem) Given a finite group G, can we find an Galois extension
K /@ such that Gal(K /Q)=G?

13



6 Finite Field Extension

Theorem 6.1. Suppose A is a field with char A= p, then for every q=p™,m>1, there exists a
unique subfield I, of A, where I, is a finite field with exact q elements.

Proof. Define S={a€Ala?—a=0}CA, thenif a, €S, (a+f)I=al+pl=a+ [ S, and
(af)1=aiBl=aB € S. If in addition, 3#0, (af~H)9=ai(B9)t=aB~t€S. So S is a field.

Take derivative of S, (27 —z)'=qz9 ' —1=—1, i.e. ged (29— 2z, (29— z)’) =1, which means z7—z
no multiple roots.

Hence, |S|=g=deg (27 —1z). We set F;:=S.

As for uniqueness, |F, —{0}|=¢—1 and a?~!=1 which implies a¥ — a =0 containing 0 luckily. O
Note. In a field with characteristic p, pa=0 for all a € A.
Lemma 6.2. E =T~ is unique in A.

Note 6.3. Namely, the field extension A > F >, is unique.

Proof. Note that n=[E:Fy] =dimp,(E). So there exists a basis of E over IFy, u1, ua, ..., un, such
that Vo€ E, o =byuq + - - - + by, where b; € F, are unique. |E|=¢". Then by Theorem 6.1, we
have done. O

From above lemma, we can immediately get following:

Theorem 6.4. Suppose there is a field extension Fyn /T, then for every m|n, there is a unique
Fym. Alternatively, If E is an intermediate field of Fyn and I, then there must exist a unique m,
such that Fym=E and m|n.

This theorem means that the number of intermediate field E is equal to the number of positive
integer divisors of n.

Theorem 6.5. F,»/IF, is Galois.

Proof. F;» =Splity, (27" — z), Fyn /I, is normal. Every element o € Fyn is a root of 9" —z (no
multiple roots), hence separable over IF,. Hence, the extension is Galois. g

Theorem 6.6. F, /T, is cyclic, i.e. Gal(Fn:F,)=(0)={c"=1d,0,...,0" "1}, where o is defined
as Frobenius automorphism

ag: Fqn — ]Fqn,
o a(a) =af.

Proof. Va,B€Fm, o(a+ ) =(a+ p)1=al+ fi=0(a)+0(B), o(af)=(af)=alBl=0c(a)o(F)
and o(1)=1?9=1. So ¢ is a homomorphism.

If o(a)=0(8)=a?=p3%=(a— 3)?=0=a= (. Hence o is injective. o injective means surjective.
Hence, o is an automorphism. o € Aut(IFyn).

Restriction in Fy: Ya € Fy, o(a) =a%=a. Then o € Aut(Fyn /) = Gal(Fyn, IFy).
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For Va € Fyn, 0™(a) = 4" =, hence, 0" =1d.

For any 1<m <n, 0™ #1d. If note, suppose 0™ =1Id, then 0™ (a) =a’" =q, i.e. a are a root of
29" — x which contradicts to the minimal polynomial 27" — x. O

So we have a relation of extension of fields and inclusion of subgroups as follows

F;n — Gal(Fyn/Fgn) = {Id}
| |
Fgm — Gal(Fyn/Fgm) = (o™)
| |
F, — Gal(F/F,) = (o)

Gal(Fyn / Fq m n/mn
And Gal(Fym /F,) :W: (@) [ {a™) = (/™).

Theorem 6.7. Let f(z) € Fy(x), irreducible over T, with def(f)=n. Then f(z)|z?" — .

Proof. Let a be a root of f(z), then « is also a root of x9" — x, since F,(«) = IFyn, which means
f@)]z?" — x. O

Theorem 6.8. 29" —x= Hm|n monic irreducible polynomials f(x) over IF, of deg( f) =n.

Proof. Note that 29" — z|z9" —x. In fact, ¢™ —1|¢" 1 —1=27""1 - 127" " = 1 = 27" —
x|z9" — . Distinct no multiple root divisors. O

Consider Fyn1, Fyne, ..., Fgnm CFyn, where N =lcm (n1,n2,...,ny). Define

o
Fpeo= | Fyn,

n=1

then it is a field.

Theorem 6.9. F,e is the smallest algebraically closed field containing Iy, and Fy /Ty is algebraic.

Proof. Let f(x) € Fyo[z], with deg(f) >1. WLOG, we may assume f(z) is irreducible over Fyes,
f@)=2"+an_ 12" 1+ +ap
There exists N, such that ao,...,an—1 € Fyn. Then f(x)€ Fyn[z]. All roots of f(x) will be in

Splitr, v (f) := K, while K’ =IF, ~/m C g (can not be finite). All subfield is finite and algebraic,
then [y is algebraic. O

Remark 6.10. F,» — {0} =(a)={a’=1,a,0a?...,a9" 7%}, then F;» =TF(a).
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